ABSTRACT. This paper discusses the existence and decay of solutions u(t) of the variational inequality of parabolic type: 
Introduction
Let H be a real Hilbert space with norm V be a real separable uniformly convex Banach space with norm I I I I v densely imbedded in H and let K be a closed convex subset of V containing 0. Moreover, let W be a Banach space with norm II I I W such that V <W <H. We suppose that the natural injections from V into W and from W into H are compact and continuous, respectively. We identify H with its dual space H* (i.e., VW<HW* V*). Pairing between V* and V will be denoted by <v*,v> for v* 6 V* and v e V.
Consider the following variational inequality of parabolic type (i) < u' (t) + Au(t) + Bu u(t) 6 K for a.e. t 6 [0,=) and the initial condition Here A is a monotone operator from V to V* and B is a bounded operator from W to W*. More precisely we make the following assumptions on them.
A I.
A is the Frchet derivative of a convex functional FA(U) 
+i with some k I,>0.
Regarding the forcing term f (t) we assume [5] , Brezis [2] , Biroli [i] , Kenmochi [4] , Yamada [13] , etc. ). However the asymptotic behaviors of solutions as t---> seem to be known little. In this note we first prove a decay property of solutions of the unperturbed problem (1)-(2) (with B(t)--0). This result is derivea by combining the penalty method with the argument in our previous paper [i0] , where the nonlinear evolution equations (not inequalities) were treated.
Next we consider the perturbed problem (1)-(2) (i.e., B(t) 0). For the equation u' (t) +Au (t) +Bu (t) =f (t)
(not inequality) the existence of bounded solutions on [0,) "in the norm II I I V was proved in [8] (see also [7] ). We extend this result to the variational inequality (i) - (2) Recently, similar problems were treated by Otani [12] and Ishii [3] in the framework of the theory of subdifferential operators. In their works it is assumed that ds is small, while here we require only 2 f(t)-0 or If(s) IH 0 the smallness of M_=sup 6(t). Ishii [3] discussed the decay or t blowing up properties of solutions. We also prove a decay property of solutions of the perturbed problem. Our result is much better than the corresponding result of [3] .
We employ the so-called penalty method introduced by Lions [5] , and the argument is related to the one used in our previous paper [iI ] , where the nonlinear wave equations in noncylindrical domains were considered.
i. Preliminaries
We prepare some lemmas concerning a penalty functioanl 8(u) . Let K be a closed convex set in V and let J:V --gV* be the duality mapping such that (6) 2 ll (u) llv, llUllv,
II UIlv
Then the penalty functional 8 (u) for K is defined by
where PK is the projection of V to K. Recall that pK u & K) is determined by (8) . I I u pK u ..IIV min I I u w II V w&K pK u is also characterized as the unique element of K satisfying (9) <J(u-pK u) w-PKU> < 0 for w & K.
For a proof see Lions [5] . The following two lemmas are well known.
Lemma i.
(Lions [5] 8(u) is a monotone hemicontinuous mapping from V t_o V*. Lemma 2. (see, e.g., [6]) Th.__e projection PK i__s continuous.
The next lemma plays an essential role in our arguments. is dif-
The proof can be given by a variant of the way in Biroli The inequalities (14) and (15) are equiavlent to (i0).
We conclude this section by stating a lemma concerning a difference inequality, which will be used for the proof of decay of solutions. I I u(t) II V <__ C(II u 0 llV) exp(-l't) i__f p=2
with some I'>0.
Proof.
Recall that the solution u is given by a limit function of {u (t)} as e Applying Lemma 4 we obtain the desired t result.
Perturbed problem
In this section we investigate the existence and decay of solutions of the problem (1)- (2) Ge,0(Um,e(t+l)) < Ge,0(um (t*)) + C6(t) 2 < C(M)
Thus we conclude that We have now derived a priori estimate for u (t). Using m,e standard compactness and monotonicity arguments (see Lions [5] Biroli [i] etc.) we can suppose without loss of generality that Then all the assumptions AI-A2 are satisfied.
- (2) is equivalent in this case to the problem
The problem (i) Lu(x,t) f(x,t) a.e. on
Lu(x,t) < f(x,t) a.e. on
Lu(x,t) > f(x,t) a.e. on 
